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It is well-known that General Relativity (GR) in three spacetime dimensions (3D) has no well-
defined Newtonian limit. Recently, a static solution mimicking the behaviour of the expected New-
tonian potential has been found by studying the classical double copy of a point charge in gauge
theory [1]. This is the first example where the vacuum solution in the gauge theory leads to a
non-vacuum solution on the gravity side. The resulting energy-momentum tensor was attributed
to a free scalar ghost field; however, alternatively, the source can be seen as one resulting from a
spacelike perfect fluid. In this paper, we first give an alternative derivation of the solution where
there is no need to perform a generalized gauge transformation to obtain a quadratic Lagrangian
without propagating ghost fields. Then, we present a stationary version of the solution and show
that the scalar field interpretation of the source does not survive in this case, leaving the spacelike
fluid as the only possibility. We give the gauge theory single copy of our solution and comment on
the implications of our results on the validity of the classical double copy in 3D. The effect of the
cosmological constant is also discussed.
PACS numbers:
I. INTRODUCTION
The idea of the double copy, also named BCJ double copy after its discoverers Bern, Carrasco and Johansson,
emerged as a relation between the scattering amplitudes in gauge and gravity theories [2]. A gluon amplitude in the
gauge theory is expressed as a sum of cubic graphs which schematically takes the form
AGluon =
∑
i
nici
di
, (1)
where ci, ni and di represent the color factors, the kinematic factors and the propagators of each graph respectively.
This sum can be written in different ways by making use of generalized gauge transformations, i.e., gauge transfor-
mations and field redefinitions. When it is expressed in the so-called color-dual gauge, where the kinematic factors
obey the same algebra as the color factors, the graviton amplitude in the gravity theory can be obtained by replacing
the color factors ci by another set of kinematic operators n˜i as follows
AGraviton =
∑
i
nin˜i
di
. (2)
The new kinematic factors n˜i should be also in the color-dual gauge but, in general, they may be taken from a different
gauge theory. Therefore, one obtains a Gravity = (Yang-Mills)2-type relationship where the gravity theory is called
the “double copy” of the two Yang-Mills (YM) theories, while each YM theory is referred to as a “single copy” of the
gravity theory.
From the string theory point of view, it is not surprising to obtain such a relation since, at the tree-level, it is
equivalent to the celebrated KLT (Kawai, Lewellen, Tye) relations [3] between open and closed string amplitudes in
the large string tension limit. In addition to the results from the tree-level [4–12], there is an accumulating evidence
for the double copy to work at loop level [13–37] and to all orders in certain kinematic limits [38–44]. Therefore, it
is natural to ask whether these results are an indication of a non-perturbative relation between gravity and gauge
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2theories at the perturbative level. The first step to answer this question was taken in [45], leading to a new research
program which extend the double copy from scattering amplitudes to classical solutions. The idea is to consider
stationary metrics of the Kerr-Schild (KS) form
gµν = ηµν + κhµν , ∂0gµν = 0 (3)
where the deviation hµν from the background Minkowski space ηµν is constructed from a scalar φ and a vector kµ as
hµν = φkµkν . (4)
Here, the vector kµ is null and geodesic with respect to both the background metric ηµν and the full metric gµν .
When the metric is in the KS form (see [46] for a review), the Ricci tensor with mixed indices becomes linear in the
deviation hµν and the trace-reversed Einstein equations take the form
Rµν =
κ
2
(∂α∂µhνα + ∂
α∂νh
µ
α − ∂α∂αhµν) .
=
κ2
2
[
T µν − 1
d− 2δ
µ
νT
]
, (5)
where κ2 = 8πG. Choosing k0 = +1, the µ0-components become
∂ν [∂
µ (φkν)− ∂ν (φkµ)] = κ
[
T µ0 −
1
d− 2δ
µ
0T
]
. (6)
It is easy to see that if one makes the following identifications [45]
Aµ ≡ φkµ, g ≡ κ
2
, (7)
(6) become the abelian Yang-Mills equations
∂νF
νµ = gJµ, (8)
where Fµν = 2∂[µAν] is the field strenght, g is the gauge coupling and the source is given by
1
Jµ = 2
[
T µ0 −
1
d− 2δ
µ
0T
]
. (9)
The time-component of (8) is
−∂2φ = −~∇2φ = gJ0. (10)
Due to the linearization of the Ricci tensor for the metrics of the KS form, one obtains the linearized equations of
YM theory and biadjoint scalar theory, namely, Maxwell’s (8) and Poisson’s equations (10). While the gauge field Aµ
is called the single copy of the KS graviton hµν , the scalar field φ is interpreted as the zeroth copy of the gauge field
Aµ.
While the construction was also extended to metrics with multi KS-forms [47], time dependence [48] and backgrounds
more general than Minkowski [49], the only known way to study metrics with no KS form is to employ perturbation
theory [50–60]. Other developments in the classical double copy include the relation between the sources in the gravity
and the gauge theory sides [61], nonperturbative [62–65] and global [66] aspects. However, the restrictive nature of
the KS double copy seems to be an obstacle to a better understanding. In [1], the authors used 3D physics as a
testing ground for the classical double copy since, at first sight, it is not obvious how it works. General relativity
in 3D has no propogating degrees of freedom and therefore the first question that needs to be answered is how the
degree of freedom of the photon, which is one in 3D, is matched in the gravity side. The second question is related to
the nature of Newtonian and Coulomb potentials in 3D. An application of Gauss’ law to a point particle of charge Q
and mass M suggests a logarithmic form for both as follows∮
E · dA ∝ Q, E ∝ 1
r
, φ ∝ log r, (11)
1 See [49] for a covariant version of the KS double copy where no particular time coordinate is chosen.
3∮
g · dA ∝M, g ∝ 1
r
, Φ ∝ log r. (12)
Whereas, in 3D, the Coulomb potential given in (11) is a consequence of Maxwell’s equations, GR has no Newtonian
limit giving rise to (12). In taking the Newtonian limit, one considers a weak deviation from the flat space (gµν =
ηµν +hµν with |hµν | ≪ 1) and a stationary weak source (T 00 = −ρ, T i0 = 0 = T ij) and the geodesic equation reduces
to
d2x
dt2
=
1
2
~∇h00. (13)
Using
d2x
dt2
= ~g = −~∇Φ, (14)
one finds the Newtonian potential as
Φ = −1
2
h00 (15)
However, when d = 3, the 00-component of Einstein equations becomes
~∇2Φ = 0, (16)
resulting in a trivial Newtonian potential Φ = 0. If the double copy construction is possible, this problem should be
automatically solved since using the 00-component of the KS graviton h00 = κφ in (15) yields a non-trivial Newtonian
potential as
Φ = −κ
2
φ (17)
When one starts from the Coulomb solution and achieves a double copy, the logarithmic form of the Coulomb potential
is naturally moved into the metric and one obtains a nontrivial solution.
It turns out that, in 3D, the construction possesses a unique feature with no higher-dimensional counterpart.
Although one starts with a vacuum solution in the gauge theory side, one obtains a nonvacuum gravity solution with
a nontrivial energy-momentum tensor. In [1], the source was interpreted as a dilaton, which also seems to solve the
degree of freedom problem. It is also in agreement with the fact that the double copy of the pure YM theory is gravity
coupled to a two-form field and a dilaton, and the absence of the two-form field can be explained by the symmetric
nature of the KS ansatz (3).
This paper aims to study the construction of [1] and further examine the nature of the source by considering a
stationary solution, which is a natural generalization of the static solution. Additionally, we introduce a cosmological
constant, find solutions in the KS form and present the corresponding gauge theory single copies. The outline of the
paper is as follows: In Section-II, we review the main findings of [1] and give an alternative way to obtain the static
solution. In Section-III, we find the stationary version of the solution and show that it is sourced by not a dilaton
but a spacelike perfect fluid. Then, we give its gauge theory single copy and discuss some properties of the solution
briefly. We end this section by discussing the addition of the cosmological constant. In Section-IV, we conclude with
comments on the validity of the classical double copy based on our results.
II. STATIC SOLUTION
Our starting point is a point charge in 3D Maxwell’s theory. In polar coordinates (t, r, θ), the flat space metric
takes the form
ηµνdx
µdxν = −dt2 + dr2 + r2dθ2, (18)
and the current vector is given by
Jµ∂µ = gQδ
(2)(~r)∂t (19)
where Q is the charge of the particle. The Coulomb solution is obtained as
Aµ = φkµ, kµdx
µ = −dt, φ = −gQ
2π
log r, (20)
4due to the relation ~∇2 log r = 2πδ(2)(~r) in two spatial dimensions. In order to obtain a metric in the KS form, we
first write the solution in a gauge where the vector kµ is null as follows
Aµ = φkµ, −kµdxµ = dt+ dr, φ = −gQ
2π
log r, (21)
Identifying the charge with the black hole mass parameter, Q→M , the double copy is given by the metric
ds2 = ηµνdx
µdxν + κφ (kµdx
µ)
2
,
= −(1 + 2GM log r)dt2 + (1 − 2GM log r)dr2 − 4GM log r dtdr + r2dθ2. (22)
Note that the vector kµ is null with respect to both metrics ηµν and gµν . The Ricci tensor of the metric (22) reads
Rµν =

 0 0 00 0 0
0 0 −2GM

 . (23)
The θθ-component of the Ricci tensor is nonzero everywhere and the same should be true for the energy-momentum
tensor Tµν , implying a non-local source. The approach of [1] is to consider the coupling of gravity to a free scalar field
as
S =
∫
d3x
√−g
[ ǫ1
κ2
R− ǫ2
2
(∂ϕ)
2
]
, (24)
where ǫi = ±1 (i = 1, 2) control the sign of the kinetic terms and take a negative value for a ghost graviton or a
dilaton. The trace-reversed field equations which follow from the action (24) are
Rµν =
ǫ
2
∂µϕ∂νϕ, (25)
where ǫ = ǫ1ǫ2. The metric in (22) is a solution if ǫ = −1 and the gradient of the field is
∂µϕ =
√
M
2π
(0, 0, 1), (26)
which implies that the dilaton is linear in the azimuthal angle. The matter field equation is also satisfied as
✷ϕ ≡ ∇µ∇µϕ = 0 (27)
The analysis of [1] proceeds by taking ǫ1 = +1 and ǫ2 = −1, i.e., the dilaton should be a ghost to support the metric
given in (22). It was also shown that, in a proper generalized gauge, the part of the Lagrangian which is quadratic
in the fields can be put in a form where the graviton and the dilaton kinetic terms have non-ghost signs, exhibiting a
paralelism with the double copy construction in scattering amplitudes. The existence of the scalar hair was attributed
to two facts: the scalar field is a ghost and it does not respect the symmetries of the spacetime, i.e., ∂µϕ 6= 0. However,
the same solution can be obtained by taking ǫ1 = −1 and ǫ2 = +1, and therefore, the former does not play a role
here (see Appendix for a discussion of the no-hair theorem for free scalar fields).
This choice of the signs has the advantage that the dilaton is not a ghost any more and the “wrong” sign for the
graviton kinetic term has no physical importance since it does not propagate any dynamical degree of freedom. This
is, indeed, an approach which is employed to preserve the unitarity of modified gravity theories such as topologically
massive gravity [67, 68] and new massive gravity [69]. In this case, the quadratic part of the Lagrangian contains no
dynamical ghost, and therefore there is no need for performing a generalized gauge transformation. Hence, one might
speculate that it might have also interesting consequences for the double copy in 3D scattering amplitudes, which, we
believe, deserves further study.
Motivated by this possibility of obtaining the solution with different sign choices, one might also ask whether there
is any other freedom in the construction of the solution, which is answered in [1] to a certain extent. It was shown
that, while it is not possible to see the source as a timelike fluid (perfect or viscous), the solution can also be obtained
by coupling to a spacelike perfect fluid, whose energy-momentum tensor reads
Tµν = (ρ+ P )uµuν + Pgµν , u
2 = +1, (28)
where uµ is the velocity of the fluid. The Einstein equations in this case become
Rµν =
κ2
2
[(ρ+ P )uµuν − (ρ+ 3P ) gµν ] . (29)
5Comparing this with (25) and removing the metric term in (29) by choosing ρ = −3P give
Rµν = −κ2P uµuν . (30)
Therefore, it yields the same solution if the pressure is chosen to be the norm of the gradient of the field ϕ as
P = (∂ϕ)2 =
M
2πr2
= −1
3
ρ (31)
and the fluid velocity is given by
uµ = (0, 0, r) . (32)
This alternative reflects the correspondence between scalar fields and perfect fluids [70–72]. However, as we will show
in the next section by studying a stationary solution in the KS form, the correspondence does not always hold and
one is forced to choose the spacelike fluid interpretation.
III. STATIONARY SOLUTION
In this section, we will put different interpretations of the source on a test by studying a more nontrivial solution.
To introduce rotation, we write the flat metric in spheroidal coordinates (t, r, θ) as
ηµνdx
µdxν = −dt2 + r
2
r2 + a2
dr2 + (r2 + a2)dθ2, (33)
where a will be the rotation parameter. The null vector kµ is parametrized as
−kµdxµ = dt+ r
2
r2 + a2
dr + adθ. (34)
For a metric in KS form with φ = φ(r), the metric becomes
ds2 = ηµνdx
µdxν + κφ (kµdx
µ)
2
,
= −(1− κφ(r))dt2 + r
2
[
a2 + r2(1 + κφ(r))
]
(a2 + r2)
2 dr
2 +
[
a2(1 + κφ(r)) + r2
]
dθ2
+
2κar2φ(r)
a2 + r2
drdθ +
2κr2φ(r)
a2 + r2
drdt+ 2κaφ(r) dtdθ, (35)
and the independent components of the Ricci tensor read
R00 = κ
(
a2 − r2 + κr2φ(r)) φ′(r) + r (−a2 − r2 + κr2φ(r)) φ′′(r)
2r3
,
R11 = κ
r
(
a2 + r2 + κr2φ(r)
)
(φ′(r) + rφ′′(r))
2 (a2 + r2)
2 ,
R22 = κ
(
a4 + 3r2a2 + κr2φ(r)a2 + 2r4
)
φ′(r) − a2r (a2 + r2 − κr2φ(r)) φ′′(r)
2r3
,
R01 = κ
2 rφ(r) (φ
′(r) + rφ′′(r))
2 (a2 + r2)
,
R02 = κ
a
((
a2 + r2 + κr2φ(r)
)
φ′(r) + r
(−a2 − r2 + κr2φ(r)) φ′′(r))
2r3
,
R12 = κ
2 arφ(r) (φ
′(r) + rφ′′(r))
2 (a2 + r2)
, (36)
where primes denote the derivative with respect to r. The trace-reversed Einstein equations when the source is the
dilaton (25) or the spacelike fluid (30) are of the form Rµν ∝ VµVν , where Vµ is a three-vector and one can use this to
constrain the function φ(r). From, for example, (R01)
2 = R00R11, it is easy to see that the only consistent solution
6takes the form φ(r) ∝ log r and the proportionality constant is determined by requiring to get the static solution as
a→ 0, which yield
φ(r) = −κM
4π
log r. (37)
Using this in (25) with again ǫ = −1, one sees that the gradient of the scalar ϕ should be given by
∂µϕ =
√
M
2π
(
a
r2
, 0,
a2 + r2
r2
)
. (38)
When the rotation is turned on, a 6= 0, this introduces an r-dependence in the t- and θ-components, which conflicts
with the fact that the r-component is zero, hence no r-dependence. Therefore, unlike the case for the static metric,
there is no consistent solution for the function ϕ.
However, one can still use the spacelike fluid as the source and the metric with the scalar φ given in (37), is a
solution of the Einstein equations (30) when
P =
M
2πr2
= −ρ
3
, uµ =
(
a
r
, 0,
a2 + r2
r
)
. (39)
Therefore, the stationary solution cannot be sourced by a dilaton and the spacelike fluid becomes compulsory to
obtain a stationary solution in the KS form.
The gauge theory single copy can easily be obtained as
Aµdx
µ = φkµdx
µ =
gQ
2π
log r
(
dt+
r2
r2 + a2
dr + adθ
)
, (40)
which is a solution of Maxwell’s equations (8) with the current vector
Jµ = ρvµ, ρ =
Qa2
πr4
, vµ =
(
1, 0,−1
a
)
, (41)
which describes a rotating nonlocal charge distribution with angular velocity ω = −1/a with respect to the origin.
Checking the nonzero components of the field strength tensor,
Frt =
gQ
2πr
, Frθ =
agQ
2πr
, (42)
one sees that the magnetic field is created due to the rotation in the gravity side.
In order to see some main properties of the metric (35) with the scalar φ given in (37), it is useful to write it down
in Boyer-Lindquist coordinates, which is achieved by the transformations [73]
dθ 7→ dΘ + h1dr,
dt 7→ dT + h2dr, (43)
where
h1 = − κar
2φ(r)
(a2 + r2) (a2 − κr2φ(r) + r2) ,
h2 =
κr2φ(r)
a2 − κr2φ(r) + r2 . (44)
In this coordinates, the metric is given by
ds2 = −(1− κφ(r))dT 2 + r
2dr2
a2 − κr2φ(r) + r2 +
(
r2 + a2(1 + κφ(r))
)
dΘ2 + 2κaφ(r) dΘdT (45)
When the explicit form of the scalar φ(r) given in (37) is used, it becomes
ds2 =− (1 + 2GM log r)dT 2 + r
2dr2
a2 + r2 (1 + 2GM log r)
+
(
r2 + a2(1− 2GM log r)) dΘ2
− 4aGM log r dΘdT. (46)
7From the curvature invariants
RµνRµν =
4G2M2
r4
,
RµνσρRµνσρ = 4R
µνRµν −R2 = 12G
2M2
r4
, (47)
one sees that the metric has a real singularity at r = 0. For appropriately chosen parameters, it has an event horizon
enclosed by an ergocircle, which might be thought of a 3D analogue of the Kerr black hole sourced by a spacelike
fluid. The metric asymptotically takes the form
ds2
∣∣
r→∞
= −2GM log r dT 2 + dr
2
2GM log r
+ r2dΘ2, (48)
and therefore, it is not asymptotically flat. However, it is asymptotically locally flat2 as can be seen by the vanishing
of the curvature invariants (47) as r →∞.
When a cosmological constant is introduced, the trace-reversed Einstein equations become
Rµν − 2Λgµν = −κ2P uµuν . (49)
This time, the metric given in (35) is a solution when
φ(r) = −κM
4π
log r +
Λ
κ
r2, (50)
with the fluid properties given in (39). The gauge theory single copy is given by
Aµdx
µ = φkµdx
µ =
(
gQ
2π
log r − Λ
2g
r2
)(
dt+
r2
r2 + a2
dr + adθ
)
, (51)
and the nonzero components of the field strenght tensor read
Frt =
gQ
2πr
− Λr
g
, Frθ = a
(
gQ
2πr
− Λr
g
)
, (52)
with the magnetic field again created by the rotation. Maxwell’s equations are now given by
∂νF
νµ = g
(
Jµ(Λ=0) + J¯
µ
)
, (53)
where the first current vector Jµ(Λ=0) describes the source in the absence of the cosmological constant and is given by
(41). The second current vector describes a constant charge density filling all space as follows
J¯µ = ρ0v¯
µ, ρ0 =
2Λ
g2
, v¯µ = (1, 0, 0) , (54)
which is the expected effect of adding a cosmological constant in the gravity side.
When written in Boyer-Lindsquit coordinates using (45), the metric becomes
ds2 =− (1 + 2GM log r − Λr2)dT 2 + r
2
a2 + r2 (1 + 2GM log r − Λr2)dr
2
+
(
r2 + a2(1− 2GM log r + Λr2)) dΘ2 + 2a(−2GM log r + Λr2) dΘdT. (55)
From the curvature invariants
RµνRµν =
4G2M2
r4
− 8GΛM
r2
+ 12Λ2,
RµνσρRµνσρ = 4R
µνRµν −R2 = 12G
2M2
r4
− 8GΛM
r2
+ 12Λ2, (56)
2 To our knowledge, the black hole solution discovered in [74] is the only other known solution of this type in 3D.
8the singularity at r = 0 is again apparent and an event horizon enclosed by an ergocircle can be identified by a certain
choice of the parameters. Taking Λ = − 1
ℓ2
, the asymptotic form of the metric is
ds2
∣∣
r→∞
= −
(r
ℓ
)2
dT 2 +
(
ℓ
r
)2
dr2 + r2dΘ2, (57)
which is the anti-de Sitter (AdS) spacetime with radius ℓ. Therefore, the metric given in (55) serves as an interesting
alternative to the well-known BTZ black hole [75], which is, of course, more physical since it is a solution of the
cosmological Einstein theory with no matter field like our spacelike fluid.
IV. CONCLUSIONS
In this paper, we revisited the static solution constructed in [1]. Being able to obtain the static solution with
different sign choices for the kinetic terms of the graviton and the dilaton, yielding a quadratic Lagrangian with no
propagating ghost field, we claim that the study of scattering amplitudes in 3D might offer an interesting insight into
the double copy because the change of sign of the graviton kinetic term is problematic in higher dimensions.
Turning our attention to a stationary version of the solution in the KS form, we showed that it cannot be sourced
by a free scalar field and the source should be a spacelike fluid. Even in this form, it presents itself as an interesting
example of the classical double copy where the gauge theory source is a non-local rotating charge distribution. By
introducing a cosmological constant, we obtained a rotating, asymptotically AdS solution whose single copy gauge
field describes an electric field and a magnetic field, which is proportional to the rotation parameter in the gravity
side, and the effect of the cosmological constant shows itself in the gauge theory as a constant charge distribution
filling all space. Based on the expectation from the scattering amplitudes that the double copy should be given by
gravity coupled to a dilaton, obtaining a stationary solution sourced by a dilaton or understanding why it is not
possible remains as an open problem, whose solution might give a better understanding of the classical double copy.
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Appendix: No-hair Theorem for Free Scalar Fields
In Section-II, we have seen that the scalar hair can be obtained by a different choice of the scalar kinetic term than
[1]. Here, we show explicitly why this is possible by reviewing the formulation of the no-hair theorem for free scalar
fields [76–78] . Any static metric can be written as
ds2 = −N2dt2 + hijdxidxj , (A.1)
where N = N(xi) and hij = hij(x). Then, assuming no time-dependence, the equation for the free scalar field (27)
becomes
✷ϕ(xi) =
1√−g∂µ
(√−g gµν∂νϕ) (A.2)
With the help of relations
√−g = N
√
h,
1√
h
∂i
(√
hhij∂jϕ
)
= DiDiϕ, (A.3)
where Di is the covariant derivative with respect to the spatial metric hij , it can be written as
✷ϕ(xi) =
1
N
DiNDiN +DiDiN (A.4)
Multiplying by Nϕ and integrating over the spatial region Σ between the event horizon and infinity yields
0 =
∫
Σ
d2x
√
h
[
ϕDiNDiN +NϕDiDiN
]
, (A.5)
9which, after integrating the first term by parts, becomes
0 =
∮
∂Σ
dSiNϕDiϕ−
∫
Σ
d2x
√
hNDiϕDiϕ. (A.6)
The surface integral consists of integrations over the event horizon ∂Σh and the spatial infinity ∂Σinf as∮
∂Σ
dSiNϕDiϕ =
∫
∂Σh
dSiNϕDiϕ+
∫
∂Σinf
dSiNϕDiϕ (A.7)
The first term is zero since the function N , by definition, vanishes at the event horizon while the second term is zero
provided that the field ϕ or its derivative Diϕ vanishes at infinity. With this assumption, (A.6) becomes
0 =
∫
Σ
d2x
√
hNDiϕDiϕ. (A.8)
Since the integrand is positive definite, one must have Diϕ = 0 and therefore ϕ = constant throughout the entire
region Σ. In the usual formulation of the no-hair theorem, one takes ϕ = 0 at the spatial infinity ∂Σinf, which is a
reasonable assumption for physical fields. This implies that the constant should be set to zero, and hence ϕ = 0 , i.e.,
no scalar can be present in the region Σ.
For our analysis, two things are important: Firstly, in the formulation of the no-hair theorem, there is no reference
to the sign of the kinetic term of the scalar field in the action since we directly start from its field equation. Therefore,
whether it is a ghost or not does not play a role. Secondly, it becomes possible to obtain a scalar hair because we do
not demand Diϕ = 0 at infinity. Indeed, one has Diϕ = constant for the static solution.
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